I. INTRODUCTION

E
LECTRICAL impedance tomography (EIT) is a noninvasive, nonionizing imaging technique with significant promise for visualizing functional changes associated with ventilation and perfusion at the bedside in the ICU [8] , [18] . EIT images depict the conductivity distribution of the medium, or more generally, the conductivity and permittivity, which is modeled as a complex coefficient in the generalized Laplace equation (1) The conductivity is assumed to be bounded away from zero , and the permittivity is assumed to be non-negative . The variable represents the angular frequency of the applied current, and represents the electric field. In this work the domain represents the region enclosed in the plane of electrodes placed around the circumference of a subject's chest. Low frequency, low amplitude current is applied on the electrodes, and the knowledge of the current density on the boundary is modeled as a Neumann boundary condition where is the unit outward normal to the boundary, and the resulting voltage is measured on the electrodes. We will denote the unit tangent vector by . The Dirichlet boundary condition corresponds to knowledge of the (measured) voltage on the boundary. The reader is referred to [6] , [25] for discussions of electrode models in EIT.
The data for the reconstructions is the voltage-to-current density, or Dirichlet-to-Neumann (DN), map denoted by and defined by and the current density-to-voltage mapping (ND), will be denoted by
The construction of matrix approximations to and is described in Section II, which also includes the description of the (archival) data collection.
D-bar methods are a class of direct (noniterative) reconstruction methods that make use of complex geometrical optics (CGO) solutions to partial differential equations known as D-bar, or , methods because they are of the form where may depend on and the operator is defined by . For an introduction to D-bar methods in EIT, see [25] . A common feature of D-bar methods is the need to compute an intermediate function known as the scattering transform as part of the reconstruction algorithm. The scattering transform is a nonlinear Fourier Transform that plays a key role in the method and arises as a 0278-0062 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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coefficient in the D-bar equation for the CGO solutions. These steps can be expressed in general terms by
In this paper, a new direct nonlinear reconstruction algorithm using the D-bar method is presented for the computation of permittivity on a chest-shaped domain, and the fully nonlinear D-bar method for reconstructing conductivity based on the global uniqueness proof by Nachman [28] is further developed for use on human subject data on a chest-shaped domain. The new method for reconstructing permittivity is based on the uniqueness proof by Francini [12] , but equations relating the Dirichlet-to-Neumann to the scattering transform and the exponentially growing solutions are not present in that work. Such equations are derived in [15] with a new expression for the scattering transform derived here, which differs from what is used in [14] - [16] . The algorithm in [14] - [16] requires the computation of two sets of intermediate CGO solutions, both requiring the solution to an integral equation on the boundary of the domain, and both involving the DN map. Hence the inherent ill-posedness of the problem arises at two steps in the computation. In contrast, the method presented here requires the solution of only one set of CGO solutions, and hence only one set of sensitive integral equations to be solved. (We refer to sets of CGO solutions because the method is based on a 2 2 elliptic system and so the CGO solutions are 2 2 matrices of exponentially growing functions.) The difference in the scattering transforms is explained in Section IV. One significant difference is that the scattering transform derived here makes use of the tangential derivative map and the DN map, while that of [14] - [16] does not use the tangential derivative map.
To illustrate that the algorithm is sufficiently robust for experimental data including uncertainty in the boundary shape and electrode positions, 2-D reconstructions of conductivity and permittivity changes due to ventilation and perfusion in the chest of a healthy adult male subject sitting upright are presented. The real part of the admittivity images using the permittivity method of reconstruction were inferior to those computed by the D-bar method for reconstructing the conductivity only. This is the motivation for including both methods. However, the complex admittivity method is effective in reconstructing both conductivity and permittivity in simulated data as demonstrated in Section V. The real part of the perfusion data was previously used with the direct reconstruction algorithms in [3] , [9] , and [20] on a circular approximation to the domain. In [20] , a first-order approximation to the scattering transform, denoted in the literature by , was employed to obtain D-bar reconstructions of conductivity changes due to perfusion. In [9] a second-order approximation to the scattering transform was used, and in [3] Calderòn's method was applied to these data sets. Here we compute fully nonlinear approximations to the scattering transform to obtain difference images of the conductivity on a chest-shaped domain. These are the first fully nonlinear reconstructions of human data using the D-bar method with the full scattering transform. Reconstructions of simulated and tank data using the approximation on noncircular domains were computed and studied in [26] , [27] . The reconstructions of the permittivity are the first direct D-bar reconstructions of permittivity from experimental data and illustrate the feasibility and potential of this method. The description of the archival human chest data and the construction of the DN map are described in Section II. The computational method for the reconstruction of conductivity is given in Section III, and the method for the computation of the permittivity is presented in Section IV. The reconstructions from the human chest data are found and discussed in Section V. Movies of the reconstructions are found online.
II. DESCRIPTION OF THE DATA COLLECTION
We consider two sets of 100 frames of archival data collected at 18 frames/s on the chest of an adult male sitting upright, using the ACT3 system at RPI [10] . One set was collected during breathholding to image perfusion, and the other set consisted of a deep slow inhalation followed by slow exhalation to image ventilation. In both cases, the trigonometric current patterns (2) with mA were applied on 32 electrodes of size 2.9 cm high and 2.4 cm wide placed around the circumference of the chest, which measured 90 cm. The real part of the breathholding data was also used in the studies [9] , [20] to reconstruct the conductivity using first and second-order approximations to the scattering transform, respectively.
We model the current density by the gap model in the computation of the DN map so that (3) where is the area of the th electrode, , which were of uniform size. For construction of the DN map, the current patterns and the resulting voltages must be normalized. Let denote the th entry of the matrix of applied currents with each column normalized with respect to the vector norm. Let denote the by matrix of current patterns where . Let denote the entries of the th voltage matrix normalized so that for each , and where is the measured voltage on electrode corresponding to current pattern .
Finite dimensional approximations to the DN and ND maps will be denoted by and , respectively, where the stands for matrix. They are size . The ND map maps functions from the Sobolev spaces to where the tilde is to indicate that the functions must have mean value zero. For a boundary voltage arising from a current pattern , the th entry of is given by
For a general domain with boundary parameterized by , the arclength differential is given by So where is the arclength differential evaluated at the angle corresponding to the center of the th electrode. Note that the current patterns are real-valued, and so the complex conjugate is omitted. Since the voltages sum to zero, we can then compute the matrix approximation to from . In the computational work, the domain is scaled to have a maximal radius of one. Let denote the maximal radius of the domain. Since the human chest data is archival and the actual domain geometry and electrode positions are not available, we model the domain by both a circle of radius and a representative chest-shaped domain of the same perimeter, which was 90 cm. Both domains are depicted in Fig. 1 . We assumed the electrodes were equally spaced around the chest perimeter. Let denote the Dirichlet-to-Neumann map for a domain with conductivity and of maximal radius . Then and are related by . In the following, we use the notation for and a subscript of for the unscaled domain.
The reconstructions depict changes in conductivity and permittivity from a reference data set. We will denote the DN map for the reference data set by . For the perfusion data, the reference data set was chosen to be a frame collected at mid-systole, that is, when the heart was halfway through a contraction. For the ventilation data set, the reference frame was the first frame, which was at the end of a full expiration.
III. FULLY NONLINEAR RECONSTRUCTION
OF THE CONDUCTIVITY Fully nonlinear reconstructions of the conductivity were computed with the 2-D D-bar method based on the 1996 uniqueness proof of Nachman [28] , which was developed as a practical algorithm in [31] , [19] - [22] , [27] , [31] . A nonlinear regularization method for the algorithm was established in [22] . The reader is referred to these papers and to the text [25] for a thorough description of the method. Here we provide a brief outline and the methods used to compute on the noncircular domain.
The D-bar method of this section assumes the conductivity is twice differentiable, and the starting point is the change of variables and in (1) . This results in (4) The assumption that is constant in a neighborhood of the boundary implies that in that neighborhood, and allows one to extend (4) to the whole plane, and construct solutions with a certain type of asymptotic behavior, known as complex geometrical optics, or CGO, solutions. The CGO solutions depend on a complex parameter , and have the property that they are asymptotic to in a certain sense for large or large , where is the spatial variable in 2-D identified with the corresponding point in the complex plane. We will denote the exponentially growing solution by . Then satisfies with , where is the Sobolev space of functions with one weak derivative in [1] . It was shown in [28] that satisfies a Fredholm integral equation of the second kind, and the computation of is the first step of the reconstruction algorithm. A first-order approximation to is , and taking this approximation to results in a first-order approximation to the scattering transform known as . This approximation, introduced in [31] has been successfully used on a variety of experimental data, including the perfusion data set studied here in [20] . To understand the second-order approximation, we must look at the formula for . The Faddeev Green's function [11] is a special Green's function for the Laplacian defined by where
The integral equation for is given for each and by [28] (5)
The Faddeev Green's function differs from the standard Green's function for the Laplacian by a harmonic function . That is,
. (See [25] , [30] for properties of the Faddeev's Green's function.) Replacing by in (5) results in second-order approximations to and the scattering transform, which we will denote by and , respectively. The second-order approximations were used with the perfusion data sets in [9] on a circular domain.
The formula relating the scattering transform to the measured data is [28] (6)
In practice, the numerically computed scattering transform blows up in the presence of noise and is therefore computed on a restricted domain in the plane. In [22] , this was shown to comprise a nonlinear regularization scheme for the D-bar method. Here we compute the scattering transform on a disk of radius , and truncate the values to zero outside that disk.
The reconstruction of comes from solving the D-bar equation for the function defined by (7) where and . Let
The D-bar equation satisfied by is
Using the Generalized Cauchy Integral Formula, this can be written as an integral equation, and we define to be the solution of the equation in integral form
Finally, an approximation to the conductivity difference can be recovered from using the formula (10)
A. Computational Considerations
The computation of the DN map was described in Section II. Throughout this paper, we will replace by , as was done in [3] , [9] , [20] . Let , and let denote the finite dimensional approximation . Here we describe briefly the computations on the chest-shaped domain, and the computations for the circular domain follow as a special case.
Let represent a point on the boundary of the scaled domain expand and in the trigonometric basis (11) where the coefficients are given by Let denote the action of on the th basis function, evaluated at angle . Let denote the th basis function evaluated at angle . Evaluate (5) at the center of the th electrode and approximate the integral over the boundary by a sum of integrals over the electrodes to obtain (12) The convolution of with was computed using a fine discretization over electrode when , and the value at the center when . This results in
Let the matrix be defined such that is the righthand side of (13) .
The function was computed as in [2] using where is the exponential integral function. Let be the vector of unknown coefficients of and be the vector of coefficients in the expansion of from (11) . Then (12) can be expressed in matrix form as Since the basis is orthonormal, and so defining , we obtain the following linear system, which was solved using GMRES [29] For the computation of the scattering transform, expand on the scaled domain with as in (11) with coefficients . Then from (6) The D-bar equation in integral form (14) was solved for at each point in the scaled domain using the method in [23] in the region of interest on a mesh with , an empirically chosen truncation radius. The reconstruction of was then obtained from (10).
IV. RECONSTRUCTION OF THE COMPLEX ADMITTIVITY
A direct reconstruction algorithm for computing complex admittivities based on the uniqueness proof in [12] was presented in [15] . Here we present a different algorithm, in which only one set of CGO solutions is computed and a different formula is derived for the scattering transform matrix.
The theory in [12] begins with a change of variables. Let (15) and define a vector , in terms of the solution to (1) . Then satisfies , where and is defined to be the matrix with diagonal elements 0 and off-diagonal entries defined by (15) .
Introducing the complex variable , Francini shows [12] there exists a unique matrix defined by that is a solution to , where the matrix is asymptotic to the identity matrix in the sense that , for some . The scattering transform matrix with entries is defined by matrix with zeros and the diagonal and off-diagonal entries where is defined as in (8) . The formula for the scattering transform requires knowledge of two special CGO solutions and to (1) on the boundary of . These solutions were derived in [15] , [35] and have the property that and . They relate to the DN data through the boundary integral equations for where is the Faddeev Green's function defined in the previous section. These solutions are related to the CGO solutions defined by Francini in [12] by [15] The definition of the scattering transform is not practical for the inverse problem since is unknown. Using integration by parts, the scattering transform can then be written directly in terms of and [17] . The formula requires the tangential derivative map which we denote by , defined by (16) with and . We then have
Similarly (19) (20)
The scattering transform equations here differ from those in [14] - [16] . In [14] - [16] , equations (17) and (19) above were used for the computation of and , respectively, after solving BIE's for and , while here we use (18) and (20) .
The scattering transform arises as a coefficient in the D-bar equation for (21) Finally, is reconstructed from the CGO solutions from the formulas derived in [14] and [15] . Namely (22) where
A. Computational Considerations
The computation of the complex admittivity utilizes the "exp" approximation in which the CGO solutions and on are replaced by their asymptotic behavior. Let and . Define
This scattering transform also blows up in the presence of noise, and so we also compute its values in a disk of radius . Expand the exponentials in the basis of applied current patterns. For example (25) Then on an arbitrary domain shape scaled by , and assuming on the boundary, (23) becomes
The map is approximated by the matrix with entries
In the case of a circular domain, . In the general case . Taking the finite-dimensional approximations to and , and defining and , we have Under the assumption that for each frame, the values of on the boundary of are equal to the value of (which is assumed to be constant on the boundary) for the reference frame, define (26) (27) In light of (16) and the assumption that remains constant on . Now, using the same type of calculation as above, (26) and (27) become (28) (29) where the coefficients and are obtained analogously to in (25) for . The solution of the system of D-bar equations (21) was computed as in [15] using a fast method based on the method by Vainikko [33] for integral equations with weakly singular kernels. FFT's are used to compute the convolutions and GMRES was used to solve the resulting linear systems. The admittivity was then computed from (22) , using centered finite differences to compute the first-order derivatives in the numerator and an FFT to compute the convolution.
B. Reconstructions From Simulated Data
Since this is a new method of reconstructing permittivity, we also include reconstructions from simulated data, depicting (a) heart with admittivity , lungs with admittivity , and spine with admittivity in a 2-D circular domain of admittivity , and (b) a numerical phantom with high conductivity and low permittivity fluid in one lung. In this case the heart has admittivity , the lungs have admittivity except for the simulated fluid which has admittivity , and the background has admittivity . The reconstructions for case (a) are found in Fig. 2 and for case (b) in Fig. 3 . The truncation radius in the reconstructions was . The reconstructions identify the shape, position, and locations of the phantom organs quite well, although the spine is barely visible in the permittivity reconstruction in case (a). The values of the heart and lungs are overestimated for both conductivity and permittivity, while that of the spine is underestimated in both conductivity and permittivity. Error plots in the sup norm are found in the third column of Figs. 2 and 3. As to be expected, the largest errors are found near the organ boundaries. This is due to the necessary regularization of the method by truncation of the scattering transform, which has a smoothing effect [22] . Fig. 4 . Selection of eight reconstructed frames of the conductivity and permittivity distribution in a healthy human subject during breathholding (images displayed with the heart at the top). Images depict changes in blood flow, with red representing high conductivity/permittivity and blue low conductivity/permittivity. Moving from left to right, the first four frames depict diastole, the fifth and sixth depict systole, and in the last two frames, diastole is resuming. Figure  in color online. Fig. 5 . Selection of eight reconstructed frames of the conductivity and permittivity distribution in a healthy human subject during breathholding (images displayed with the heart at the top). Images depict changes in blood flow, with red representing high conductivity/permittivity and blue low conductivity/permittivity. Moving from left to right, the first four frames depict diastole, the fifth and sixth depict systole, and in the last two frames, diastole is resuming. Figure  in color online. Fig. 6 . Selection of five reconstructed frames of the conductivity and permittivity distributions in a healthy human subject during a slow ventilation maneuver (images displayed with the heart at the top.) Top row: Red is high resistivity and blue low resistivity. Bottom row: Red is high permittivity and blue low permittivity. 
V. RECONSTRUCTIONS OF HUMAN CHEST DATA
The human chest data was collected as described in Section II. For the ventilation data set, the reference data set used to construct was chosen to be the first frame, which was at end-expiration. For the perfusion data set, the reference data set was a frame selected at midsystole. Since the actual domain shape for these archival data sets is not available, the domain was approximated by (a) a circle with the same perimeter as the subject's chest in the plane of the electrodes and (b) a chest-shaped domain of the same perimeter representative of the domain shape, as shown in Fig. 1 . Note that no forward simulations are necessary for computing the difference images of human chest data.
Reconstructions of conductivity, computed by the method in Section III, and reconstructions of permittivity, computed by the method of Section IV, on the circular and chest-shaped domains are found in the figures in this section. Fig. 4 contains the 16th,   18th, 20th, 25th, 31st, 33rd, 37th , and 38th image in the perfusion sequence of 100 frames reconstructed on the circular domain with the 14th frame as reference. Fig. 5 depicts the same 8 frames with the conductivity and permittivity computed on the chest-shaped domain. Videos of the full 100 frames on the circular and noncircular domains are found online. The real part of these data sets were also used in [3] , [9] , and [20] on a circular approximation to the domain, and the reconstructions here of the real part on the circular domain are very similar to the results obtained in those works, demonstrating the stability of the fully nonlinear computation of the scattering transform, but also the possibility that the information provided by the full nonlinear solution is not being used due to the truncation, which is related to the level of precision and the accuracy of the data. For both conductivity and permittvity the blood flow changes in the heart and lungs are clearly visible, and the temporal resolution is excellent. The reconstructions on the noncircular domain seem to provide less distortion of the heart and lungs, although ground truth is not available for this archival healthy human subject data. The lungs are less elliptical than they appear in the circular domain, and the heart also appears to have less spreading.
Reconstructions of conductivity, computed by the method in Section III, and reconstructions of permittivity, computed by the method of Section IV, for the ventilation data sets are found in Fig. 6 on the noncircluar domain. The reconstructions are remarkably similar to each other, showing good agreement between the two methods, and similar properties to the perfusion reconstructions. Airflow changes are clearly visible and coincide with the subject's breathing. The reconstructions on the circular domain are similar in nature, and so are omitted for space considerations. Videos of ventilation and perfusion for the full 100 frames can be found online.
VI. CONCLUSION
We have presented a direct D-bar method for computing reconstructions of both conductivity and permittivity from human chest data on a 2-D cross-sectional domain. The conductivity was computed using the fully nonlinear D-bar method based on [22] , [28] , and [31] , and the permittivity was computed using a new D-bar method based on the elliptic system introduced in the global uniqueness proof of Francini [12] . The difference images of ventilation and perfusion in a healthy human subject do not exhibit boundary artefacts and clearly show changes due to blood flow between the heart and lungs and gas exchange. Further research on animal subjects with induced lung injury is needed to better assess the clinical usefulness of the algorithm, but this first application of the D-bar method with the fully nonlinear scattering transform and new algorithm for obtaining the permittivity shows that the method is sufficiently robust to handle human data with incomplete knowledge of domain shape and electrode position.
